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--~---. It 11 ahown tha t the problem of determining the m.1n1..mum 

number or carrie r e requ1re4 to m .. t a fixed aahedule or trana

portat1on oan b• made into a linear procrtLn'll\1n& problem. ( ) 
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NININIZINO THE NUMB» OF CAftRIBRS 

TO MEET A FIXED SCHEDULE '4 

by 

0. B. Oantzlg 

D. R. Fulkerson 

1.  IWTWODUCTIQN 

C. Tonpklnt (••• [>]) has glv«n a dlscr«t« Idealization of 

a •oh«duIlng prcbltm which aroaa in the routing of Navy fue. oil 

tankers. A combinatorial problem of this kind haa also been 4is~ 

cuased by J. Robinson and J. Walsh [2J, together with a proposed 

method of computation. The algorithm they outline, however, falls 

to narrow the number of poaslblllties sufficiently to make it a 

feasible computational method for moat problems. 

In this note we show how the tanker scheduling problem can 

be made into a linear programming problem of transportation type, 

albeit large. The else of the system is mitigated somewhat by tne 

following recta:  (i) most of the variables are constrained to be 

tero, (2) the mlnlmlflng form Is particularly slmpie, snd (5) even 

s large transportation type problem having no special features can 

be solved by hand using the simplex algorithm [lj. 

'AA. ^•'fl 
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2.     THE PROflUH 

A rectangular array of apaeta la fumlahad, one rot« for aaoh   w 
<». « 

pickup point and one column for tach dlacharga point. In aaoh 

apace (l,j), 1*1,2,...rro; J«lf2,...tn la a aequenoe of numbers 
►. 

u 
t ,, k-1,2,... repreaentlng the tlmea at which a tanker la to 

load fully at pickup point i to deliver to destination J. For 

example, in the array 

1 2 5      .       . 
"  '  — ' ■        '^j      ■  I !■■      ■ ■      ■   ■    , 

X 

2 

i,  4,  7,   10.   13 9,  15 6,  12 

3. 6, 9. 12 7.   10,   13,   15 f, 10, 15 

the aequence 3, 6f 9, 12 in box (2,1) means that at these times 

a tanker la to begin loading at pickup point 2  for delivery to 

discharge point 1. Multiple loada to go from i to J esn be taken 

care of by repttitiona in the sequence t*..    We make the further 

aaaumptlon, not made in [3], that the total number of entries in 

tne tab.a t - Ujj) !• finite. 

In addition, two arraya of poaitlve numbers a,, and b^. are 

given, where a., represents the loading-traveling time from 1 to 

J, and b1j the unloadIng-traveling time from J to 1. 

The protlern la to rearrange the nurabera tj. into s sequences 

auch that 

/ /•••_. 



{2.x)    taeh etqjtnc« IB monotone Increasing; 

(2.2) If t, , < **   *      •''^ contacutlvt numbars In any ona 
11J1   12J2 

of tha • aaquanaat, than 

k2     kl 
12J2   11JI   llJl 

bl J  i 

V , 

(2.3) a is minimal. 

In othar words« aach aaquanca Is a sehadula for uns tanker, and 

tha objective la to meet the fixed schedule given by. table t with 

a ■inlmua nvnber of tankera. 

If, In tha exanple, we take 

'U " blJ 

2  3  2 

i  2  1 

then a feasible schedule using seven tankera «ould be represented 

by the rearrangement 

(1) t^ - i . t^.5, 4?- 7 , *!! * ^ 

(2) '21 * 5 • 
t2 . 6 t21 - 6 . 'L- 9 , ti2 " 1$ 

(3) t2 - 4 tll " ^ • tjg - 9 . 4- 15 
(4) t}5.6 . t|2 - 10, ^r i5 
(*>) t^ . 7 . tfj - 10, 

^- 13 

(6) t*, - 12 

(?) t}, - 10 • 



3.  RKFQRWULATIOW AS A PROCRAMHINO PROBLEM 

For convanlenoe In •xpoelllon» Mt nuppost that th« nanabtrt 
k 

t  , a  , b   are positive integers.  It MI.I be clear thai 

trils la not eapentlal to trie -net hod of aoiutlon. 

Flrat construct the table cf sequen e» T - (t.  * a..). 

Thua, T  are the time« when tinkers ioaied at \  will arrive at 

J.  Del'lne 
w 

r\A   • numter of  tlruea    t. .   • o    orcura  In rjw   I  of  t; al 1J 
^k Na« " number of times T" • ft occurs In column J of T; 

P J 1J 
I.e., n ,  Is the number of tankers Loading at 1 at time a  and 

N-. 18 the number arriving at j at time 3 •  Thua, n  la defined 
_k 

for a*I,2,. • • »max t? . and ft        is defined for p»l ,2,... frsax Ty, 

For an>' schedule, denote the number of reasal^nments from 

dlscrmrge point j at time ß to loading point 1 «t time a by 

» «a*»  Then for all posalMe schedules, tne Inequalities 

(5-»)    ^j > 0 

are satliflea. In addltlan. It follow» froir (2.1) and (2.2) that 

(3.3) blJ > 
i-pll.a x,lpj - 0 . 

The system ().l) can be made Into a system of equalities whl ch 

Ai  a».  .   » ■ 
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Is   formally of  transportation  type by Introducing norv-negatlvt 

slack variables    ^   ,    y^        and    2 - I    2   x^.   .    Than  (3.1) 

may  t^a rewritten as 

pfj ^^^ * ^ ' ^     '      Sil ^ 0 

a
z

1 ^il      v z     - ^^'Vii    •      2 > 0 

and hence eacn schedule leads to an Integral solution of (3.2) 

and (3'1») «»Mch satisfies condition (?.3)« 

Conversely, given any Integral solution cf (3.2), (3.?), and 

(3.4), a schedule can be constructed from It as follows:  Each 

xol wli" be the nunber or tankers which etart their Individual 

scnedules at tine a from leading point 1; i.e., there will be 
xai aeqaences in the rearrangement which have a t   -a aa first 

kn ko member. Delete one euch t. . -o   fro.-n t; let  ft • T. 1 «o -fa. 

Since hm  4    > 0 , at ieaat -^ne of tne variables x^.,. 4    , ya . 
Pojc alpcJo    ß0J0 

has a positive value.  Select one sucn« 
kl Case 1. *„ *  a        > 0 «as eelected. Then tnere is a t. 4  • o, . 

since n_ *  > 0.  Aasit:n o. as seconi member of the sequence. m1i1 1 

Observe that bv (5-3)» 0i - P« > ■ ^ 1  »  henc« 1        0 *  lJo 

?. 



«nJ (2.2) is en-isried. Strike out «^ fron t and rtduc« 

ShVo • V« ' "SH 
by unlt,'• 

Case ?. yA . > 0 «as selected. In this case the eequence ende 
        poJo 
with o   .     Reduce    y«   «    *    IV   «       ^J  unity. 

0 poJo        ^oJo       k. 
If CHie  1  obtained,  let    ^.   • T,   ,    • a.   + a,   ,     ,    and 

exMnlne  tt.e valueo  of  the  variables    x_4Ä  .     *  y«  «     •    Again 

one cf  these must  be positive.    App.y either Case 1  or Case ? 

with a.   i<laying the role of a  .    Repetition of ^he prooedure out- 

lined must eventually end with the aelectton of aofne    7m  4    > 0 
nHk 

(alive ty (3.3)» o < 0 Impilee x
a4A« • ^)* thue completing one 

of the »equencea. The wthere can be gotten In the ea«e tray. 

Notice that while many acheduiea can be oonstructed from 

an integral «oiutlou of (3.°), (3.3). snd (3«,t)» the only phyelcal 

dlfference betweer two such le that there may be more than one 

♦anker available at the same time at some dlarharge joint, In wnloh 

case they are Interchungaabie. 

Thus, the tanner scheduling protlem can be viewed as one of 

minim zing £ xm4   ,    Lhe number of •equencea In a rearrangement 

(or what la the eame thing, maxlmlclng th« variable z),  over the 

eet of Integral solutlona« of (V?y and (J.H) in which the 

1 

»Such whole number soiutlune always exist, e.g.,  take ail 
*-.«*    - 0.    Thla corresponds  to the wont poeelble echeduie of oipj 
uaelgnlng n different  tanker for eaon trip. ** 
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varlabits designated by (5.3) «r« flxad at «tro.    But It It ••11   \A 

known  llj  that the maximum of a linear form daflntd ovmr all 

•oiutlons of  (3.2)  and (3-4)  la alwaya aasummd at scma  Integral       J 

•oiutlon. and it la easy to see that this fact It not altered 

by impotlng additional conttralntt of tha form    ^^j   - 0 .    Hence 

the scheduling problem can be aolved by the simplex algorithm, 

tlnce the nature of the algorithm is such aa to obtain a required 

.integral  aolutlon.    Moreover,  the algorithm la sxtremely simple 

to apply Mhen the problem Is of transportation type,  as Is this 

one. * 

It is obvious also that  linear programming can be used to 

optimise schedules with respect to other costs.    For exampls, 

it would be simply a matter of changing the minimising form, 

holding s fixed,  to find a schsdule for a given number of tankers 

which nas  the least sailing time. 

*•    A NimERICAL EXAHPLt: 

We continue with the example of §?.    First form the table of 

srrlval times 

T - 

1 2 5 

3. 6,  9,   12,   lb 12,   18 6,   14 

*♦•   7,   10.   13 9.   12,   15, 17 6,   11,   16 

Using this tabis and the one of loading times, compute all n 

.• .^LJL 



nd *fej' Aft€r discarding thoam  rows and columnt having lu^ or 

pj ztro, on« la laft with tht transportation probla« «haaa 

onstralnta ara Indl^atad «chamatlcally In Fig. 1. Croaaad out 

ells mean that tha eorraapondlng varlabla la conatralnad to bm 
s 

•ro by (30) • Tha solution shown In J»lg. 1 eorraaponds to tha 

ohadula using seven tankars glvan In §2. This la a deganarate 

oiuti >n to tha prcgraramlng problam and so It la naoassary In 

pplylng tha elmplex a.c -rlthm to pick out other baalc variables 

ivlng zero values. One way of doing this la shown In Fig. 1 by 

he placement or the 0*8. 

An optimal solution, reached after a few Iterations, la 

hown In PK> 2. It corresponds to the following six-tanker 

chedulas 

! (:) ^n-i . t2, - 5 . 4 - 7 . 'u - ^ 
(2) «81 ' ' • '21 • 6 ' tix - 9 . *» •12 

1  <'> t*, - ».. t|2 - 9 , t*a - 15 

|  (*) t1^ « 6 , t|2 - 10, t|3 - 15 

1 iV tf, - -.o. tj, - 12, tfa. 151 
|  (6) «li - i0. '22 - l' • 
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